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AN overview

e Euclidean space and projective extension

e Principle of duality and its applications

e Geometric computation in the projective space

e Intersection of two planes in E3 with additional constrains
e Barycentric coordinates and intersections

e Interpolation and intersection algorithms

e Implementation aspects and GPU

e Conclusion and summary
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Projective Space

X =1[X Y]" XeF?

x=[x y:w] xeP?

Conversion:
X=x/w Y=y/w
& w =0

(b)

If w = 0 then x represents “an ideal point” - a point in infinity, i.e. it is
a directional vector.

The Euclidean space E? is represented as a plane w = 1.
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Points and vectors

e Vectors are “freely movable” - not having a fixed position

a; = [x;,y1:0]"
e Points are not “freely movable” - they are fixed to an origin of
the current coordinate system
x; =[x, yiwq]T  and  x; =[x,y w,]"
usually in textbooks w; =w, =1
A vector A = X, — X, in the Euclidean coordinate system - CORRECT

Horrible “construction” DO NOT USE IT —IT IS TOTALLY WRONG

a=2x,—X; = [X;— X1,y — Y1: Wy _W1]T =[x, — X1,y —y1: 1 — 1]"

=[x — x1,¥2 — ¥1:0]"
This was presented as "How a vector” is constructed in the projective

space P¥ in a textbook!! WRONG, WRONG, WRONG

This construction was found in SW as welll!
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Points and vectors
A vector given by two points in the projective space
a=x; —x; = [WiXxy; — Wpxy, Wiy, — oy wy wal”
This is the CORRECT SOLUTION, but what is the interpretation?

A “difference” of coordinates of two points is a vector in the
mathematical meaning and w; w, is a “scaling” factor actually

In the projective representation (if the vector length matters)

_ _ . T
a=x,—x; = [wx, — WoX1, W1Y2 — WaY1:Wq w;]
_ _ T
WiXy — WaXqy WYy — WY1 0]
w1 Wy ’ w1 Wy -

A

We have to strictly distinguish if we are working with points, i.e. vector
as a data structure represents the coordinates, or with a vector in the
mathematical meaning stored in a vector data structure.

VECTORS x FRAMES
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Duality

For simplicity, let us

consider a line p defined
as:

aX+bY+d=20

We can multiply it by
w # 0 and we get:

ax + by +dw =20

(b)

i.e. p'x=0

p=[a, b:d]"
x=[x y:w]l'=[ wX, wY: w]’

A line peE? is actually a plane in the projective space P?
(point [0,0:0]" excluded)
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Duality
From the mathematical notation p'x=0

we cannot distinguish whether p is a line and x is a point or vice versa
in the case of P°. It means that

e a point and a line are dual in the case of P?, and
e a point and a plane are dual in the case of P°.

The principle of duality in P° states that:

Any theorem remains true when we interchange the words “point” and

7 \\ n

“line”, “lie on” and “pass through”, “join” and “intersection”, “collinear
and “concurrent” and so on.

Once the theorem has been established, the dual theorem is
obtained as described above.

This helps a lot to solve some geometrical problems.
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Examples of dual objects and operators

Primitive Dual primitive
E° Point Line
Line Point
E’ Point Plane
Plane Point
Operator Dual operator
Join Intersect
Intersect Join

Computational sequence for a problem is the same for a dual
problem.
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Definition 1

The cross product of the two vectors
X1 = [Xq1,y1:W1]" and X, = [X2,Y2:W2]"

is defined as:

X1 XX, =det|x; Y1 W

X2 Y2 Wy

where: i = [1,0:0]', j = [0,1:0]", k = [0,0:17"

ijk]

Please, note that homogeneous coordinates are used.
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Theorem 1

Let two points X; and X, be given in the projective space. Then the
coefficients of the p line, which is defined by those two points, are
determined as the cross product of their homogeneous coordinates

p=x,Xx,=[ab:d]"
Proof 1
Let the line peE? be defined in homogeneous coordinates as
(coefficient d is used intentionally to have the same symbol
representing a “distance” of the element from the origin for lines and
planes)

ax + by +dw =0

We are actually looking for a solution to the following equations:

pix; =0 pTx, =0
where: p = [a,b : d]’
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It means that any point x that lies on the p line must satisfy both the
T

equation above and the equation p x=0 in other words the p vector
is defined as

P=Xx1 XX, =det|x; y1 W

ijk]
X2 Y2 W3

We can write

a b ¢
(x1 X xz)Tx —_ 0 I.e. det x1 yl Wl“ == 0

X2 Y2 Wy
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Evaluating the determinant det

a b C
X1 M1 W1] =0
X2 Y2 W3

we get the line coefficients of the line p as:

W
a= det{ ’ 1} b= —det{ g Wl} C= det{ X yl}
Yo Wo Xo Wy X2 Yo

Note: for w = 1 we get the standard cross product formula and the
cross product defines the p line, i.e. p = X; X X5

where: p = [a,b : d]’

e An intersection of two lines=>AXx=>b

e A line given by two points =>Ax =0

Those problems are DUAL,

why algorithms are different??

SIGGRAPH Asia 2012
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Cross product is
eguivalent to a
solution of a linear
system of
eguations !
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DUALITY APPLICATION

In the projective space P? points and lines are dual. Due to duality we
can directly intersection of two lines as

i j k
X =p; Xp, =det [al b, Cl] =[x, y:w]"
a, by, ¢

If the lines are parallel or close to parallel, the homogeneous
coordinate w —» 0 and a user has to make a decision — so there is
sequence in the code like if abs(det(..)) < eps then ...

Generally computation can continue even if w - 0 if projective space is
used.
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DISTANCE

Geometry is strongly connected with distances and their measurement,
geometry education is strictly sticked to the Euclidean geometry, where
the distance is measured as

d = \/(Ax)z + (Ay)? , resp. d = \/(Ax)z + (Ay)? + (Az)? .

This concept is convenient for a solution of basic geometric problems,
but in many cases it results into quite complicated formula and there is
a severe question of stability and robustness in many cases.

The main objection against the projective representation is that
there is no metric.
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The distance of two points can be easily computed as
dlSt = 4/ 52 + nz/(W1W2)
Where: f — Wlxz - szl T] = lez - Wzyl

Also a distance of a point x, from a line in E? can be computed as

: a’x,
dist =
woVa? + b?
where: xo = [xg, Vo: Wo ]! a=[ab:d]"

The extension to E3/P? is simple and the distance of a point x, from a
plane in E° can be computed as

T

. a Xo
dist =
woVa? + b2 + 2
where: x, = [xg, Vo, Zo: Wo]” a=[ab,c:d].
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In many cases we do not need actually a distance, e.g. for a decision
which object is closer, and distance? can be used instead, i.e. for the E?
case

(a’x,)? _ (a’x,)?

wo2(a? +b2) wy2nTn

dist? =

where: a=|a,b:d|" =|n:d|T and the normal vector n is not normalized

If we are comparing distances from the same line p we can use
“pseudo-distance” for comparisons

a’x,)?
(pseudo — dist)? = ( g)
Wo
Similarly in the case of E’
(a"xp)? (a’xy)? (a’xy)?
ot2 = = and — dl 2 =
dist W T b2 D) wiinn (pseudo — dist) Wi

where: a=|a, b,c:d|" = [n:d]|T
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Computation in Projective Space -

e Cross product definition

« A plane p is determined as a cross X; X Xy X Xg =

product of
three given points

Due to the duality

* An intersection point x of three planes
is determined as a cross product of P X Py XP3=
three given planes

Computation of generalized cross product is equivalent to a

solution of a linear system of equations
== no division operation!
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Geometric transformations with points
(note X =%/, , Y=Y/, w=0 ):

Translation by a vector (4,B) £ [a,b:c]" ,i.e. A=a/c ,B=b/c,c#0:

In the Euclidean space: x' =Tx
x' 1 0 A x + Aw x/w+ A X+ A
[y’]=[0 1 B [ ] y+BW y/w+B|=|Y+A
w 0 0 1 1 1
In the projective space: x' =T'x
_x + a -
x' 0 a X cx + aw (cx + aw)/(cw) fwt e X+ A
ly’] = C [ ] cy+bw (cy+bw)/(cw)] Y/W_|_b/c =|Y+B
w' 0 1 1
1

and det(T') = ¢3. For c = 1 we get a standard formula

x' 1 0 A
y'l=10 1 B
1 0 0 1

SIGGRAPH Asia 2012 Vaclav Skala http://www.VaclavSkala.eu 18
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Rotation by an angle (cosg, sing) = (%,2) 2 [a,b:c]"

c

In the Euclidean space: x' = Rx
x' cosQp —sing 0 cosp —sing O0][X
y'| = |sing coscp [ ] sm<p coscp of|Y
w' 0 1111
In the projective space: x' =R'x
x' a —b 0 ax — by
y'| = [ ] bx + ay
WI

Xcosp — Ysing
Xsing + Ycosp
1

(bx + ay)/(cw)

(ax — bY)/(CW)‘ wc wc
1

as c¢? = (a? + b?) by definition, det(R") = (a® + b?)c = ¢?

SIGGRAPH Asia 2012 Vaclav Skala http://www.VaclavSkala.eu

19



SIGGRAPH Asia 2012

Scaling by a factor (5,,S,) = (;—x,;—y) 2 sy, Sy:WS:T

x'1 [Se 0 Ofrx
x'=Sx y'[=10 S, O )’]
w'l Lo 0 11tw

x'1 sy 0 O0]x

x'=8'x y'|=({0 s, O [y]
lw' ] _0 0 Ws | w

det(S’) = sy 5, W

It is necessary to note that the determinant of a transformation
matrix Q , i.e. matricesT',R',S’, is det(Q) # 1 in general, but as the
formulation is in the projective space, there is no need to “normalize”
transformations to det(Q) = 1 even for rotation.

It can be seen that if the parameters of a geometric transformation are
given in the homogeneous coordinates, no division operation is needed
at all.
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Transformation of lines and planes

E? E’
p=x1><x2 p=x1Xx2X.X'3
Dual problem X=p;XP, X =pyXpPyXpPs

In graphical applications position of points are changed by an
interaction, i.e. x' = Tx.

The question is how coefficients of a line, resp. a plane are changed
without need to recompute them from the definition.

It can be proved that
p' = (Txy) X (Txy) = det(T)(T™H)'p
or

p' = (Txy) x (Tx;) X (Tx3) = det(T)(T™")'p
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Transformation of lines and planes
As the computation is made in the projective space we can write
p'=TYHp=[d, b:d]" for lines in E2
or
p=(TYHp=[d, b,c:d]" for planes in E°

THIS IS SIMPLIFICATION OF COMPUTATIONS

Transformation matrices for lines, resp. for planes are DIFFERENT
from transformations for points!

SIGGRAPH Asia 2012 Vaclav Skala http://www.VaclavSkala.eu
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Transformation of lines and planes

A

7

b

Rotation

axis

Transformation about a general axis in E* / P

v

Usually used transformation (T is translation):

Q= T_lelej_/le((p)sznyT

1 0 0 07
C —b
R — Vb2 +¢c2 b2 4+ 2
yz b C
Vb2 +c?  Vb? + c?
L0 0 0 1-

a = [a,b,c]" is an axis directional vector

This is unstable if Vb2 + ¢2 - 0 and not precise if b? > ¢? or vice versa

That is generally computationally complex and unstable as
a user has to select which axis is to be used for a rotation

SIGGRAPH Asia 2012
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Transformation of lines and planes

Transformation about an axis n
in the Euclidean space E’

X =Xcosp+ (1—cosp)(n"X).n+ (nx X)sing
Q = Icosp + (1 — cosp)(n®n) + Wsing

where: n®n = n.n’ is a matrix.

In the Euclidean space E° the vector n has to be
normalized

The matrix W is defined as: Wv=w Xxv

O -n, n
W=|n, 0 -—n,
—n, Ny 0

T(v)
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Computation in Projective Space

Interpolation

Linear parametrization

X(t) = X + (X;—Xp)t te(—ow,0)

Non-linear (monotonous) parametrization

x(t) = X + (x,—Xg)t te(—o0,0)

X(1) = Xg +(X1=X%)t  Y(1) = Yo + (Y1=Yo)t

() =zp +(z1-7p)t  w(t) =wy + (Wl_‘f"o)t
 t means that we can interpolate using

homogeneous coordinates without a
need of “normalization” to E¥!!

« Homogeneous coordinate w = 0

In many algorithms, we need “monotonous”
parameterization, only

o
P ad

5,60 \
4,60

——X(1)
—m—Y(0)

3,60

2,60 A

1,60

0,60

3,10

N

,90

2,70

2,50

2,30

2,10

1,90

0,00
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Computation in Projective Space

Spherical interpolation

sin[(1 — t)Q] X sin[tQ]
0

slerp(xy, xq,t) = X1

sin () sin ()

Instability occurs if Q - k.

Mathematically formula is correct,
in practice the code is generally incorrect! | % ]

slerp, (x0,%1,) = lsin[(l — t)(i]iralc(;; sin[tﬂ]xl]

= [sin[(1 — £)Q]x, + sin[tQ]x; : sin Q]

Homogeneous coordinates
== better numerical stability

Homogeneous
coordinate
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Computation in Projective Space

Intersection line - plane

x(t) = Xo + (x,;—X)t  te(—o0,0)

An intersection of a
plane with a line in E? /

a' x =0 ax+by+cz+d =0 E° can be computed
T efficientl
a=|[ab,cd] S =X;-X, Y
al Xg . .
t=—— Comparison operations
a' s

T

T

t=|r:7,| ifz, <Othent:=—t

TEST
ift>t

if 7*7

then

min

SIGGRAPH Asia 2012

*
min, > Tw Tmin then.....

Vaclav Skala

must be modified !!!

Cyrus-Beck line
clipping algorithm 10-
25% faster

condition >0
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Line Clipping

procedure CLIP_L;

{ x, , Xg — in homogeneous coordinates }
{ The EXIT ends the procedure }
{input: x4, X5 ; Xa=[Xa,Ya,1]' p = [a,b,c]"}
begin

{1}p := xp X Xg; { ax+by+c =0}

{2} for k:=0 to N-1 do { x=[X, Y« 11" >
{3} if p'x, >0 then c.:=1 else ¢:=0;
{4}if ¢ = [0000]" orc =[1111]" then
EXIT;

{5}i:=TAB1[c]; j:= TAB2[c];

{6}x,:= pxe; Xg:= pXxej,
{7}DRAW (Xx4; X5 ) {e; - i-th edge }
end {CLIP_L}

SIMPLE, ROBUST and FAST

SIGGRAPH Asia 2012 Vaclav Skala http://www.VaclavSkala.eu

Line clipping algorithms in E?

Cohen-Sutherland

Liang-Barsky

Hodgman

Skala - modification of
Clip_L for line segments

X3 X, Xg
s
€,
F(x)<0 e,
XA
F(x)>0 e,
X, X,
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Computation in Projective Space - Barycentric coordinates
Let us consider a triangle with vertices X, X5, X3,

A position of any point XeE? can be expressed
as

QX+, Xy +a3Xg3 =X
Y, +aY, +a3Y; =Y
additional condition
yq+a,+a;=1 0<a <1

a=— 1=1,.3 Linear system must be solved

If points x; are given as [x;, Vi, zi: w; ]' and w; # 1then x; must be
“normalized” tow; = 1, i.e. 4 * 3 = 12 division operations
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Computation in Projective Space

b =—ab, i=1..3 b, #0 b=E&xnxw
Rewriting b :[bh b2 | b3,b4]T
I (L3 T
X1 Xy X3 X El g:[xl,xz’xg,x]
Y. Y, Y3 Y “1=0 B T
B 1 1 1 1 | ES n_|:Y1;Y2,Y3,Y:|
- W:[l,l,]_,]_]T

Solution of the linear system of equations (LSE) is equivalent to
generalized cross product

b=&XnXw

SIGGRAPH Asia 2012 Vaclav Skala http://www.VaclavSkala.eu 30



SIGGRAPH Asia 2012

Computation in Projective Space

ifwi+ 1lorw =1

X

Y1
Wy

Xy

Yo
W,

X3

Y3
W

=> new entities:

projective scalar, projective vector

b=Exnxw

.
§:[X1’X2,X3’X]T
n=[¥. Y2,y v]

.

W= Wy, Wy, Wy, W |
0 < (b :w,waw) <1
0 <(=by, :wywyw) <1
0 <(-bg:ww,w)<1

(Skala,V.: Barycentric coordinates computation in homogeneous
coordinates, Computers&Graphics, 2008)

SIGGRAPH Asia 2012
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Computation in Projective Space
Line in E3 as Two Plane Intersection
Standard formula in the Euclidean space
p1 = [ay, by, ci:dq]" = [ng:d4]" p2 = [a, by, c3:dy]" = [n3:d,]"

Line given as an intersection of two planes

S=Nn; Xn, x(t) = xy, + st
by ¢ b, ¢,
d —d —
. 2 b3 C3 1 b3 C3 Vo = | aq | | |
0 DET
d a; by _d a, b, a; by ¢
2 2 a3 b3 1 a3 b3 DET = az b2 CZ
0~ DET as bz c3

The formula is quite “horrible” one and for students not
acceptable as it is too complex and they do not see from the

formula comes from.
SIGGRAPH Asia 2012 Vaclav Skala http://www.VaclavSkala.eu 32
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Computation in Projective Space

Line in E3 as Two Plane
Intersection

« Standard formula in the
Euclidean space

e Pllcker’s coordinates — a
line is given by two points.
Due to the DUALITY - point
is dual to a plane and vice q(’f)= >
versa — the intersection of "v"

T T
two planes can be computed ‘ﬂ=[141 Iy, 143] v=[123 L 112]
I lem -
as a dua _prOb c but ) L =aoa],r —a,ag tensor product — matrix
computationally expensive
. T
computation a, =|a,b,c.d, | i=12

x"

P2

@xXvVy

+VvVT

* Projective formulation and simple computation
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Computation in Projective Space
Line in E3 as Two Plane Intersection
p1 = [ay,by,ci:dh]" p = [az, by, c2:d5]" 77

normal vectors are §°o

n, = [a1:b1:C1]T n; = [az:bz»cz]T

directional vector of a line
of two planes p, and p, is given aV

s=n; Xn,
“starting” point x, ?7?7?
A plane p, passing the origin with a normal vector s, p, = [ag, by, ¢co: 0]F
The point x, is defined as Xo = P1 X Py X Po

How simple formula supporting matrix-vector architectures like
GPU and parallel processing

Compare the standard and projective formulas
SIGGRAPH Asia 2012 Vaclav Skala http://www.VaclavSkala.eu 34
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Computation in Projective Space — the nearest point

Find the nearest point on an intersection of two planes
to the given point &

Simple solution: $o
Translate planes p, and p, so the ¢ q

is in the origin /

e Compute intersection of two planes

i.S. xo and s *

e Translate x, using T~ Known solution using Lagrange multipliers
Again — an elegant solution, (2 0 0 n, n,|p 2,
simple formula supporting 0O 2 0 n, n,|p, 2D,,
matrix-vector architectures like 0 0 2 n, n,|p |=|2p,
GPU and parallel processing n, n, n, 0 0|4 P, M,
Solution DETAILS next n, n, n, 0 0 [ u P, N,

Krumm,J.: Intersection of Two Planes, Microsoft Research
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The closest point to an
intersection of two planes

In some applications we need
to find a closest point on a
line given as an intersection
of two planes. We want to
find a point&,’, the closest
point to the given point &,
which lies on an intersection
of two planes

p1 2 [n1:d;]" and p, 2 [n3:d,]"

This problem was recently
solved by using Lagrange
multipliers and an optimization approach.

This leads to a solution of a system of linear equations with 5
equations.
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Solution in the projective space

1.Translates the given point § = [§,,¢,,&, : 1]" to the origin — matrix Q

2.Compute parameters of the given planes p, and p, after the
transformation as p; = Q@ 'p; and p, =Q Tp,,

3.Compute the intersection of those two planes p; and pj;

4. Transform the point &, to the original coordinate system using
transformation

ny,=mny XN, po £ [n§: 01" $o = P1 X P2 X Py &, =01¢&,
1 0 0 =&, 1 0 0 O 1 0 0 &,
o1 0 -¢ o+ |0 1 0 o0 201 0 ¢
0001—52 =0 0o 1 0 ¢ 0 0 1 &
0 0 0 1 $x Sy $z 1) 0 0 0 1.

It is simple, easy to implement on GPU.
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Computation in Projective Space

Disadvantages
e Careful handling with formula as the projective space

e "Oriented” projective space is to be used, i.e. w > 0; HW could
support it

e Exponents of the homogeneous vector can overflow
o exponents should be normalized; HW could support it
o unfortunately not supported by the current hardware

o P_Lib - library for computation in the projective space - uses
SW solution for normalization on GPU (C# and C++)
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Computation in Projective Space

Advantages

e "Infinity” is represented

No division operation is needed, a division operation can be hidden
to the homogeneous coordinate

Many mathematical formula are simpler and elegant

One code sequence solve primary and dual problems

Supports matrix — vector operations in hardware - like GPU etc.
Numerical computation can be faster

More robust and stable solutions can be achieved

System of linear equations can be solved directly without division
operation if exponent normalization is provided
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Implementation aspects and GPU

 GPU (Graphical Processing Unit) -optimized for matrix-vector,
vector-vector operation — especially for [x,y,z :w]

« Native arithmetic operations with homogeneous coordinates -
without exponent “normalization”

« Programmable HW - parallel processing

vertex connectivity

verfices st

transformation

fragments

pixel positions

raster
Pixel 'updates operations

colored fragments

SIGGRAPH Asia 2012 Vaclav Skala http://www.VaclavSkala.eu
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Implementation aspects and GPU

4D cross product can be implemented in Cg/HLSL on GPU (not optimal

implementation) as:

float4 cross_4D(float4 x1, float4 x2, float4 x3)

{ float4 a; # simple formula #
a.x=dot(x1l.yzw, cross(x2.yzw, X3.yzw));
a.y=-dot(x1.xzw, cross(x2.xzw, X3.Xzw));
a.z=dot(x1.xyw, cross(x2.xyw, xX3.Xyw));
a.w=-dot(x1.xyz, cross(x2.xyz, X3.xyz));
return a;

}

# more compact formula available #
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Geometry algebra

ab=a-b+aANb in E3 ab=a-b+axb

It is strange - result of a dot product is a scalar value while result of
the outer product (cross product) is a vector.

What is ab???
Please, for details see

e http://geometricalgebra.zcu.cz/

e GraVisMa - workshops on Computer Graphics, Computer Vision
& Mathematics http://www.GraVisMa.eu

e WSCG - Conference on Computer Graphics, Computer Vision
& Visualization http://www.wscg.eu
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Summary and conclusion

We have got within this course an understanding of:

projective representation use for geometric transformations with
points, lines and planes

principle of duality and typical examples of dual problems,
influence to computational complexity

intersection computation of two planes in E3, dual Plicker
coordinates and simple projective solution

geometric problems solution with additional constrains
intersection computations and interpolation algorithms directly in
the projective space

barycentric coordinates computation on GPU

avoiding or postponing division operations in computations

Projective space representation supports matrix-vector architectures
like GPU - faster, robust and easy to implement algorithms achieved
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