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ABSTRACT
A wide range of problems in computer graphics and vision can be
formulated as sparse least squares problems. For example, Lapla-
cian mesh deformation, Least Squares Conformal Maps, Poisson
image editing, and as-rigid-as-possible (ARAP) image warping in-
volve solving a linear or non-linear sparse least squares problem.
High performance is crucial in many of these applications for in-
teractive user feedback. For these applications, we show that the
matrices produced by factorization methods such as QR have a
special structure: the off-diagonal blocks are low-rank. We leverage
this property to produce a fast sparse approximate QR factorization,
spaQR, for these matrices in near-linear time. In our benchmarks,
spaQR shows up to 57% improvement over solving the normal
equations using Cholesky and 63% improvement over a standard
preconditioner with Conjugate Gradient Least Squares (CGLS).
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1 INTRODUCTION
The spaQR (sparsified QR) algorithm from [Gnanasekaran and
Darve 2021] is built on the idea that certain off-diagonal blocks inA
and ATA of certain matrices are numerically low rank. By leverag-
ing this property, spaQR produces a fast, sparse QR factorization of
a full-rank, sparse matrix A ∈ RM×N , M ≥ N in O(M logN ) time
with O(M) memory requirements. This is achieved at the expense
of a small and controllable approximation error ϵ . The near-linear
scaling with problem size and fast convergence when used as a
preconditioner with CGLS make spaQR a high-performance solver
for solving large, sparse least squares problems.

2 FAST QR FACTORIZATION FOR GRAPHICS
We demonstrate the superior performance of spaQR algorithm
in solving least squares problems that come from three different
applications in graphics. The test models were obtained from the
collection of (textured) 3D models from the MIT CSAIL database
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and Stanford 3D Scanning repository. Convergence to a relative
residual, ∥AT (Ax − b)∥/∥ATb∥ ≤ 10−5 is noted for preconditioned
CGLS with spaQR and a diagonal preconditioner.
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(a) Mesh Reconstruction
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(b) Least squares conformal maps
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(c) ARAP mesh deformation

Figure 1: The plots on the left show the time-to-solution of
spaQR and the diagonal preconditioner normalizedwith the
time to solve the normal equations using Cholesky (‘Nor-
malized time’), while the ones on the right show the rate of
convergence of preconditioned CGLS with spaQR and the
standard diagonal preconditioner.

2.1 Mesh Reconstruction
Least-squares meshes [Sorkine and Cohen-Or 2004] is a technique
that is used to reconstruct a mesh based on a sparse set of control
points. It involves solving the least squares problem, minx ∥Lx ∥2 +∑
s ∈C (xs − x ′s )

2, where L is the weighted graph Laplacian of the
given mesh and xs and x ′s are the positions of the control points
C in the original mesh and reconstructed mesh respectively. This
technique has numerous applications in graphics such as mesh
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Table 1: Performance of spaQR for mesh reconstruction,
LSCM, and ARAPmesh deformation in terms of the time to
partition (tP ), factorize (tF ), and solve (tS ), number of iters.
(#CGLS), and scaling of fact. time with problem size ( tF

M logN ).

Matrix spaQR
M N tP tF ts #CGLS tF

M logN
(rows) (cols) (s) (s) (s) (×10−6)

Goblet 339k 226k 3 7 1 4 3.8
Flowerpot 650k 500k 7 15 2 6 4.0
Pot 990k 762k 10 30 4 2 5.1
Penelope 2.6M 2M 47 59 14 2 3.6

(a) Mesh Reconstruction

Matrix spaQR
M N tP tF ts #CGLS tF

M logN
(rows) (cols) (s) (s) (s) (×10−6)

Flowerpot 2M 1M 12 44 4 3 3.6
Pot 3M 1.5M 27 65 9 4 3.6
Obelisk 3.2M 1.6M 18 71 10 4 3.6

(b) Least Squares Conformal Maps

Matrix spaQR
M N tP tF ts #CGLS tF

M logN
(rows) (cols) (s) (s) (s) (×10−5)

Bunny 1.8M 626k 11 83 15 13 2.1
Neferreti 2.7M 900k 14 123 19 11 2.1
Bowl 4.2M 1.4M 25 182 65 23 2.0
Vase 4.5M 1.5M 30 196 43 25 2.0

(c) ARAP Mesh Deformation

editing, shape modelling, smoothing, and sharpening. Figure 1a
shows spaQR is on average 57% faster than Cholesky and 63% faster
than the diagonal preconditioner (except on Penelope). As a pre-
conditioner with CGLS, spaQR provides exponential convergence.

2.2 Least squares conformal maps (LSCM)
LSCM is a technique that is based on the least squares approxi-
mation of the Cauchy-Riemann equations and is used to map a
3D surface onto a 2D surface such that angles are preserved lo-
cally [Levy et al. 2002]. Conformal maps are invaluable in various
applications like remeshing, texture mapping, 3D fabrication, and
shape analysis. Figure 1b shows that spaQR outperforms the stan-
dard solvers with an improvement of 38% over Cholesky and 53%
over diagonal preconditioner.

2.3 ARAP mesh deformation
ARAP mesh deformation [Sorkine and Alexa 2007] is used to in-
teractively edit 3D meshes by minimizing a warping energy. The
energy formulation is non-linear and penalizes deviations from
local rigidity while satisfying a set of user-defined constraints. The
non-linear energy is minimized by iteratively solving a linear least
squares problem. We test our algorithm on one such linear least
squares problem. Figure 1c shows that the spaQR is 25% faster than
Cholesky and 51% faster than the diagonal preconditioner.

Overall, spaQR performs much better than the standard tech-
niques in the three applications. The time of factorization is a frac-
tion of the time for Cholesky factorization. The spaQR precondi-
tioned CGLS shows exponential convergence in all of the tests.
Results in Table 1 show that the time to factorize the matrix scales
as O(M logN ) (see last column).

Figure 2: The matrix block Ap (left), low-rank approxima-
tion of the off-diagonal blocks (middle), sparsified matrix
(right). The red blocks are ‘small’ (O(ϵ)) and are ignored lead-
ing to a smaller and sparser matrix.

3 METHOD
The spaQR algorithm, is built on top of a Nested Dissection based
sparse multifrontal QR factorization. The key idea in the algorithm
is to continually decrease the size of the nested dissection separators
by using a low-rank approximation of its neighbors in the graph
of ATA. Let p be a connected subset of a separator and let n be the
set of all rows / columns such that Anp and / or Apn is non-zero.
Considering only a small piece of the matrix and focusing on the
non-zero blocks for p and n we have:

Ap =

[
App Apn
Anp Ann

]
=


I Ap1n
0 Ap2n

Anp Ann

 App =

[
I
0

]
where App ∈ Rrp×cp with rp ≥ cp ; we perform a block diagonal
scaling to get every App diagonal block in this form.

The main assumption in the spaQR algorithm is that the off-
diagonal blocks (Ap1n , Ap2n , Anp ) are low-rank. We compute a
low-rank approximation of the off-diagonal blocks by using rank
revealing QR or singular value decomposition. Then, by dropping
the singular values below a threshold, ϵ , we can reduce the size of
the blocks. Figure 2 shows this sparsification process on the block
matrix Ap . By ignoring the O(ϵ) blocks, we can reduce the cost of
the QR factorization and achieve the O(M logN ) complexity.

4 CONCLUSION
We showed that spaQR is an efficient solver for sparse least squares
problems in graphics by focusing on three applications. We also
found that spaQR improves the performance in 2D image warp-
ing and Poisson image editing applications. The factorization time
scales linearly with the problem size and has exponential conver-
gence when used as a preconditioner with CGLS. Furthermore, the
structure of the spaQR algorithm exhibits more parallelism than di-
rect methods which is immensely useful for real-time performance
on GPUs in interactive applications. Finally, the code is freely avail-
able for use at https://github.com/Abeynaya/spaQR_public.
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