Contents

L. INLrOdUCEION ..occviiieiiciiintereniisssssnessssestsesnensionsrons s sane sess esssess sasborasssssssssesanssasasanessnarensosnersnensan shbbuvsasse 1
1.1. General RefereDees ...t tiinssaissessressrsssssesssssassssstesss asasssssssntssbassnassansasrassss sasamsssnase 2

2. PreliMUNAries ....cccecisrerrrrmsessesssrrssessisssssssmsnssrsrnens st satsssssnssapss ssasset sesssnss st sssssingasmentrasanssssssonsassssssnarssassnass 3
. Hermite and Cubic Spline Interpolation ...........cccovimminerineessiaoisnmmiensssieseseronensesssassesasnes 6
3.1. Practical Considerations - Computing Natural Cubic Splines ......c...ccvrivninniinniisreiainn 8

3.2. Other End Conditions For Cubic Interpolating Splines .........ccccovvimivniiinirncsrcrrse s 10

8.3, DO SPACIIE  ..ovvevusssirssesensrenssrssssnsessssssesessesssssmsasestsssssssssesssessssssssasssssenssessssmsmsssesssmssassssesssossosssns 1

8.4, CloSeAd CUIVES oo eretsisttsstiaeniensseerasas s se 0 00000000 144 sUs e RamE R0 00088048 Bbrmrabe PR SR SR ERa BRSO BER SO RaREBET RS 12

4. A Simple Approximation Technique — Uniform Cubic B-splines .........ccccvnuvnnsvinsivcrisnsssnsnsains 14
4.1, The Convex Hull PrOPertY ......ccciccciirimsssnsinsmsisssssesissssnnssmissass sssasstentsamsnssesassssasast shasssnasanss 23

4.2, Translation INVAFIARCE .....cccccccreeeniiiriviisnsersnresesnrssssmssansmrsnssatsasassassnssmessssssrresassassnsadssaransrenss 25

4.3, Rotation and Secaling INVATIANCE .......ccccciiiiiriciniincsressnssanesnisiirene sevsnestssanass setssaresensersros st simene 25

4.4. The Perspective Transformation ..........cccciicrecrrenicsinsssassssnserenessanest sesssssstanssamasasararsnsssasesmsa 25

4.5. End Conditions fOor CUPYES ... rrvcccrerecnennsesnancesstrssonearesesesasstsssarensasscssesesssassasstossasararnans 26
4.5.1. CUIVALUIE  ....c.eccvreecmcenicrsscssesssssessisnsssssstesssssassnsonsese st sases sassnsssssse sassrserssns sussaasniit e snneses 26

4.5.2. NO End CONItIONS ..cooereeeieecrnrnsererocsmsissestessssassnsansresassnssesssmsamarerssasarasesensssssenssatnesessenses 27

4.5.3. Double VEICEs ....cociiriicnrseinsteninsssienimsassnsssssersnssssssassssersstssasssassasssssssssnsnsssssssssssnns 28

4.5.4. Triple VETLICES ....ccoccniinrniiiiniemisenismsiisnisssmseissssssmesnesisstssssss sesaranssossnans sonanessenssamanases 20

4.5.5. Multiple Interior Vertices ..o s sssssssnssssss asasssenrssssnsans 30

4.5.8. Collinear Verticen ......ccciceccceeccecsinsiisiinsssnsnscresmmsrsssreissstssmes sacesasssasstassansbrsessesastsnstsass anes 31

4.5.7. Phantom Vertices: Position Speciflication ........ccccorieccrirecrcerenrerercrernsasatecrensnanes 31

4.5.8. Phantom Vertices: End Vertex Interpolation .........occocceerreccecnrnccrncsecrascnssncsseesssssases 32

4.5.9. Phantom Vertices: Fixing Derivalive VECtOrs .....cc.ocvrvvveivseemcccrssvereresesorsvesesssnereronenes 33

4.5.10. End Conditions: Closed Curves .........cocimmrmmimiieesisisisssisssssesssssisisis a3

4.68. Uniform Bicubic B-Spline Surfaces ........cuccicvcrreneenenniimsiisieememeetstssssnissessesaresaresesssssissens 33

4.7. Boundary Conditions for SUMfaces ... cisctrtrareerstrsss s sassmesecsss s assssstoramesarsnenns 30
4.7.1. Multiple Vertices ..o asissssisssee s assssssassssoss sessnesasssrsssssnas 38

4.7.2. Periodic SUMTACES ...cviiciiiiiinirmienirieseisisaitsantnesanese st s sesessbrmesassras s be1 810081008 st enmmrent ForaEssatennes 40

B. INLEIIUAER oottt ce e s reenesnssas e sseresarsressas s s n e s saae e et er e e anER s beate sEsRReR SRS RS R eeRt et e seTa e raseas 43
8. Splines in 8 More General SeLUDE .....cccccocrveciieiismsmmnssrnssssssserassissmmsssrsrarssssssessssrsssnsssessensaveretsastrssssarese “
0.1, PreliMUNAFIEN ....ccooerverevcrecrcnnaiieenieneisssesesesscssessvmnssassrorssasssssessesassntss saessssmanes semmssmasavarasessssssssaneas 44

B.2. POIYDOMUAIS .......c.ceoeeccceei e cenrreresessssncsaresssnssnessnsssnansssmsssrantsrass stansass sesesnssressessarantraseresatssesssnanen 46

B.3. VECIOr SPACES ..oocovirevieverererrtraressiisnsanesuessansastessnssassnersasnsanssasessavasessanmsansssns sassasesssapenssrsnsasanssres 47

6.4. Polynomials 83 & Vector SPACE ..........ccicrinininiseiismsniessieresiesssmiensssmeresssassssisiessasestoasastonse 48

6.5. Bases and DImeENSION ........ocviiimiciomencecrentostosemeerienesesssese ot rsss avesasassessssitesavesassssenserarate sebesessasane 51

0.6. Change of BAagis .......ococcocimieriiisisiiicererrmssssis st s st e e s s s s s et nan st s smd bt s senraER e st s e 52

6.7. An Alternative Polynominl Basis ............coceoccirrincriinirecreneninaerarirsessssessmesesnssssssssssassesensstensas 55

B.8. SUDBSPRCES  ..oiiiiitiriececrece et serns sttt e e e e d s b SRR SR 4 hed eSSBS RR SRR paE RO PSR SRS SRS RS 57

8.9. Knots and Parameter Ranges: Splines as a Vector Space .......cirvccimmcssncnncnisnniinsesiesenes 58

Sigaraph “88 Dallas



6.10. Spline Continuity and Multiple Knots ...ttt siceectssacsce s e sesnssnscaseresane 61

7. The One-Sided BasiY .o recrsc s sresasene seie s s bsaats000 00000 srane sasnesareseens smessavasasasesns see varesasanasas 72
7.1. The One-sided Cubic ...ttt s e ae s eens reesarssessserasens smsasesesessnnarens 72

7.2. The General Case ...........ccociicecrenrerererercvenesseneransmesermis sbaneirantssssmentssmessensstssesssstssasasanssrassssnsstrsses 76

7.3. One-sided Power FUDCLIONS .......cccccieeriineciirermienrersesanesenesesbasentsasensssmesars smsssssasssesar ansnsmssnssssansvnt 79

T4. The One-sided Basis ... rrcncierernsesarearaesnetnesrsstssoss et sssserersbrabontsansarnras 80

7.5. Linear Combinations and CancellAtIon ..ot ccrricsnivtrars e srssrssarasasssass s asarssnsasasaes 84

7.6. Cancellation as a Divided DUTerence .......ccuiiiiiinoniessmeeessrnesesessserssssssessssssssess 85

7.7. Canceling the Quadratic Term — The Second Difference .......cccoccciiirriecrcrccvcecnrceresc s rnanas 88

7.8. Canceling the Linear Term — The Third Difference .......coeececeeieciecvreveserercrnresonsssaens 92

7.9. The Uniform Cubic B-spline — A Fourth DifTerence ..............coerrermnircnieisieniensomersisrsnssesane 83

B. Divided Differences .ooorecieciccccecccccreri e rcescenmesemsesamesaessaresarasassassssmrssmr s sas s sassmsessseameeasseasseamtsemsesmsasasas 97
8.1. Differentiation and One-sided Power FUNCUHONS ...oovoeieiecriiccicctrvn e cstrs e snaserarssnesanessnensans 97

8.2. Divided Differences in a General Setling ........cccimiciiiscinnininrniininesisnmesssssrererassraresssesesacnssenes 101

8.3. Algebraic and Analytic Propertien ..ot ceeee e e s ersssbbabssbesnbesnrne 104

0. General B-aplines ...........ocoiivrevierer e crrcr s rar s sasesas e st reasesssnsess s e s basoenint e e e s e v s ee sty araeaneenaneratenarenn 106
8.1. A Simple Example — Step Function B-splines ............ccocciiviirsreermsenressenrarsscsamenesasscssssessssneas 107

B.2. Linear B-aplines ... iiicietec e rteeresneesnes e s sae s et sar s et e pa s s v e snenaransneasaratasnnrantsenraans 113

0.3. General B-spline Bases ...........cocooviveiiveverrerintirsimrsneratssetrasesssssssssessssssnssasesssssnssassssess smtesasesasanan 117

9.4. Examples — Quadratic B-aplines ........c.ooecciierrcnenrneriresirisssrn s rsesss s sensssene e vesasesasenes 117

9.5. The Visual Effect of Knot Multiplicities — Cubic B-splines .............c.coovrrvrrnricncreeccrecns 121
9.68. Altering Knot Spacing — More Cubic B-aplines ..........ccoiiiviomrnneccirnecrencsssnenssoresescrmenseas 129

10. B-SpUne PTOPEIUIEs .......ooeececcerencetiecericsrnssasassessosaasasemesassmeiesbenssnsestranssssnentssassnesesenssansanssasamaseents 130
10.1. Differencing Products — The Leibnis Rule ...ttt cenercenccncrcreecaneeneaeneane 130
10.2. Establishing 8 RECUFTENCE ...ttt s s oseremresesoncrn s s sesasas e sbenesorenen 135
10.3. The Recurrence and Examples ...ttt e sene oo 137
10.4. Evaluating B-splines Through Recurrence ..........cciiiiiiiianmnceniiccriee e 140
10.5. Compact Support, Positivity, and the Convex Hull Property ........ccccccoeinmicsnncnerncrerenne 141
10.6. Practical IMPHCAMONS .....ccceirninmiriesseisssiercssamessmessmessinsassssssssssasnsasessnessnansssmsremsssnss ot ssasesassssnesas 145
10.6.1. B-splines of Different Order ...t ceme s r e ec o passamesasemananene 145

10.8.2. Multiple KKROLS ....coovccrerereeceerer e ietrsneteesesessnmene soremsamenessssnsessnsesasasasssassaasesessnssssasssnsnes 147

10.6.3. Collinear Control VETLICeS .......ccccoreieerceereeicrerirsarassiesnerssesnsessnsssasamsssaasssnesasssasasassms 148

10.6.4. MUltiple VeI Ees .....ccccvecriirerrereeircincciseesaressesarsarsessesssesssessnssnsesasnonse snse snssmsessrasasasases 149

10.8.5. End Conditions .......ceccoceeerinenecrnreneeeremeseisaratrsisesssntssans sassmssassassasanssanssasansrssesssssessnssesans 149

10.6.6. Interpolating the Endpoints of a Simple Cubic Spline .......cccoievceoenccincrcnsrisninins 149

11, BEBIer CUIVES ...ttt treen st seass s rassnesns sessosrosesesestsubasnanas ot sasensasas sassns seasstsrrnssasneanrensans 159
11.1. Increasing the Degree of a Besier Curve ... e 160
11.2. Composite Betier CUIves ..........cociiminiinesnentssessneisisisemionsniasessssssssasosasssssassssmons 161
11.3. Local versus Global Control .........cooeieocvinececcrernecsintnitineenesensesrenrasssasarenssassesarasesasarossassar 162
11.4. Subdivision of BeBier CUIVES ....oovcciiiiiiciicnisirnns s srreaesiestneravansssassssnssessssnssmssesssnsns serasass 162
11.5. Bewier Curves From B-splines ........c.oooocoicenmeenricttsisteannanesesasrroresesormsesasaronesessrssestrtssseens 166
11.8. A Matrix FOPMUIBLION ....creveereereeermeenieseiesesasasanesassassserosmrasasssnsasessasssesesesnsasssassssassensssassneses 170

Sigarsph “88 Dallas



11.7. Converting Between Represefflations .........oooeirieicccieiececneresee s ssereaseseserine branrmtsases 171

11.8. BeTIEr SUITACES ...t cnsnssarsrssessnsssnsstsbesssavsssnnsnentaesesanatenssasssasssssnssnsssessssssnsss 172

12. Preliminaries Regarding Knot Refinement ..................ociicierecrecrccarenesscessnsssnessncsasmsssmsasraosasessase 173
12.1. Knots and VErtices ... ecnecninesernessesmeseeassese s sessessessesassnsasesesaesueereasesnsanenern 173
12.2. A Representation Resull ....overriiierniermeniesriveriererssessssmsesnssssenssssionssstesssstnsssenasessnassasssranare 178

13. The O8lo AIZOTILRIN ...ccooeiiiieicinitise ittt recserecrmressessens s sesesassaessssssssessasesas sasenssns smassant sussasess sas smssavesss 183
13.1. Representing Powers and One-Sided Powers by B-Splines ......c.cocooovvevecvrcrniccnrcnsscenceenenens 183
13.1.1. Marsden '8 LEMMIB .......ccococuveereerreerensaseorssmesesssossasesssssssssssssssnsaessssssssasesassassssssseses 185

13.1.2. Discrete B-splines ........c.eocooceccecccceiccsenteenenerserecaranessanesaenssanssmssnmassanesnassanasassarsanes 197

13.1.3. The Discrete B-Spline Recurrence ... vecvaeecsrennressesasasessssessrasen 202

13.2. Discrete B-6pline Propertien ..........oiciccveccnrenn i trrsestavssestsestossrstassussssosssssorssassstnssneassrsen 208
18.3. Control-verteX RECUITENCE ..o rcteeccrnresernrsessaennteresoserasesassnesatesssnsese e e sanssnsssevas 218
13.4. THUSLEALIONS .......ooooeeeeeeercircrreereseeseereceseerensrsnresntesstasstasntesnsssasssnsesntes mensmansnansmansnassnsessnesasasarss 219

B4, INCEEIUAE oo mv s smerasrsmeeseesmtrsn e e s sarsmnranrssressans s s s e s saTe e besa R s e R BT R b b r R be bes shBanbns bRt bntas 225
15. Parametric vs. Geometric CONINUILY ..ccccccvieirirrccrercsienenrennnes i s ssesnesinssassbesmsantossimtesersbessnssnesbosss 228
15.1. Geometric CONUINUILY ..o cceecrneenerecsrssteresnressestesbns et sbssarosnsmbesbsssntsarsmssasomsomtsasreseobsne 228
15.2. First Derivalive ContINUilY ........ccccccccccecorerorersecsseesassiasessnssnsssmrssaresanssnnessnessneransssnssrnssssssersases 7
15.3. Second Derivative COntINILY .........cccccceerceenerrenrmensnessasssasesmesrarsrersrasssassrssssesssasssnsssmrsssnsnsersrass 228

16. Uniformly-Shaped Beto-spliDes .......coccvvcievenerirniiessnernmisienisinieisarisressrsnsssanssssssssansssssnnsssassassns sesnrasrense 232
16.1. Uniformly-shaped Betarspline Surfaces ........coiciiiiecccmrcninerrceceeereecsessernessras e seecsne e e 239

17. Continucusly-Shaped Beta8plines ...t rnre e resressnessoses st s srassssassnssssastesseesssanssnssasvas 241
D70, LOCALIEY ..ottt ncrencsecsesesmvecesaneme seseeseanesasasesssms s sasesnt saseseenmesmesseasarsnssssasssnsensesss shassnas 243
17.2. BUBS .o rceeccrrcteaesesatstsrar e n et s sae st e s srs s et eme s smeeeme s s seresassRaebever RO b oA SRR AT R e e r s a s vR seaneneet 244
17.8. TODSION c..ooreiiieeeicieccircen it rnsss s s assme s nsmssatr s s snsssastassvasesinabatsbssss hbostebebebbrassesonsentensresessnesersnroness 244
17.4. Convex HUll ....oiiciiiiiiiiiiiciistiistietentnmssesermesresessoresasssesssessassesasasmonsana st smeseseassnnsentasesnssesnses 248
17.5. ERd Conditions .......cccciooiomicrirricienresr s remnesmnasessssessasasessassssessssestrssasesesesarsnsrsmsssnssssresassssessenas 247
L17.8. EVAIUALION ..oocrciirernicsseriirarrasaresssassateeesaresssasssotsassnsastesrassessassasssensssnssesssasssans snsssssnsesssersnnssonnesnsens 251
17.7. Continuously-Shaped Beta-spline Surfaces ... rerree s ver e s 252

18. Discretely-Shaped Beta-spliles .....oiiicciiiiiinrmciccrerersnentrmrssassseesersessessseessessssssessssse ssssssssassssnsssasons 258
18.1. A Truncated Power Basis for the Beta-splines ...........o.occcovuvvirvnnreirnsrcmseraencsessssesressssssesssoenes 258
18.2. A Local Basis for the Beta-SPUNes .........c.ccocoicuicueruincucescruscssssesasessesssssossessssssesesssone e masessons 259
18.3. EVAIIALION oovcceeiircsninrieninaraisessstiensosstionetossmsssesesens eesanss s ansos sessonesssesssssassssensrarsnsnssssnsassessnssins 263
DB, PrOPEILIES Looroiciiiiiniiieiiiesiiitmiristsnsresssnsernsaessssssasnsasarsssssssssssssssrsnrsasssansssssssisssisssassnssorsannsssrerse 264
1B5. LOCALILY  eocccriiiiiinrininirnritiinireresrnrensrssnsrsme s rssssesssessssntesnsesaressrs aressnesmnan i sssessss ssbeennesnnesbesatesns 264
18.6. Uniform Cubic Discretely-Shaped Beta-splines ... rer s esssenes 285
18.7. EXAIMPIES ...ttt et st s s as s ne s smen s ae e e e s s s n e ssanaans 268

19. Rendering 80d EVAIUALION ..o crerieassacvas e vt reer e s rsressssestesae st ansnsesmeseveessenssenenmnnsssrssrens 276
19.1. Derivatives of B-splines ... st s e sasa s eab e e s s ne s 276
19.2. B-Spline EVAIUALION ....coccciiiciniiiiiciieiinanireireeresseseseeie s snss st s s era e sonesenasesonensanesasesennsesaasasnn 280

Siggraph ‘80 Dallas



19.3. Conversion to Segment PolynomiBls .....ccccciiiirinsimnrricrissssssirserssnnsstsssessmsmsesesessssssssessssssssssnes 283
19.4. Rendering Curves: Horner s Rule & Forward Differencing .......ccccccocerrrrvsrereseeenesnensnsaenes 284
19.5. Partial Derivatives and Normals ........c.oocrcccrnecrccrrcccrmesrnenracsiesssecsassurssrsarapossssssnsssssssassneses 290
19.8. LOCALLY  .....covcnvcrmiensnnnisisesaisisesessostionsassssnsssstssensnsssnorsnesssssassssss sesasessnantsassnasassnssbosase s smsasns sesanansss 200
10.7. Scan-line Methods ...ttt ittt nenesennsassesasssistnemrsassassesasesssassararareseassnbadmonsaansns 291
19.8. Ray-Tracing Cubic B-spline SUPfAces .....ccccoieiiciiiciicninrnsnisistsessnnrnsansnsseessessssssassssensssasasssns 202
18.8.1. Refinement Preprocessing ....c.ocovrecicrericsnsiractrecssmssnrsssesssstnsssssnssssnssesseessavssensnssnss 202

19.8.2. Tree CONSIPUCLION .......c..rviecererrcnneeereacsmasnsessnsnrsessssstesmammsrassonessorsrassans sissssossasssaseansnsn 203

19.8.3. Intersection Processing treterererenssasetesaener apa st s sane pebareanen 204

10.8.4. The Newton Iteration .......cccociirriimnnnninsnmssieesnonasessmsssssnsonsmsssnssssessssssens 205

20. A Retrospective and Selected Applications ....ciiiiiiininiisimin e enessssnssssssnsass saessss 207
20.1. The Hermite Basis and C' Key-Frame Inbetweening ........coueeeeeeecescosssosescsmrmssssermsesssssssnees 200
20.2. A Cardinal-Spline Basis for Interpolation ...... vertrersaensastsantsans S 308
20.3. Interpolation Using B-Splines ...t rreececectisstinssenensnsaseraresasesnsasanstasssassassnsnansnes 310
20.4. Catmull-Rom SPUNes .......cccerrreminicsssemiisnssnsesisistsanrentsassnsnssassssssssassasssassseesanssersbasasasssesssasass 318
20.5. B-Splines and Least-Squares FILUING  .......cocccimcnimnnirenmsanieessesssesisisssossneresasessnasrossossssnssssssmseases 320

21, AcKnOWIEdEMENLS ...ttt ettt st st sttt st b s b sn s A bR e s s sR b SaSSb S At ost A sReRe s e RSB R SRS 325
22, RETETEREES .......ovcmmiremerrncrnirnrsrereratsotstsessossesnsssssssantsatssmsssnsnsssborsastsresssns susamssasvassasassns snssnssnrsse nesessavasass 328

Siggraph ‘88

Dallas



