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Course Abstract 

July 30, ll.l91. Wilh its 1977 christening, fractal geometry c-nltm:d into what is now an 
oh11iou1 �ynergy with computer graphics. The study of fractal shapes ha.s hc,•n grPatly 
i-nhanc.-d by thi- US<' of computer graphics to visualize lhese intrica!t> and •'V<'r .-lusive fom1s. 
Fractal geometry, ;,,s it b<"Come!t better understood - ht>llt'r controll<'d - is continuall) 
rq,aymg its debt lo computer graphics in the form of object moclcls, Tlw first of lht.= wa.s 
a t••rrain rnodd b� on a form of Brownian motion mcasur<'d a.cross two dimensious. Later 
contributions ha,·e ranged from the no,·el geometric �mon,ters� l,·Ct on!r Crom clecad,:-s pMl, 
to tr,,c,, flowt•rs and othP.r hotanical �ructures neated Crom simple grammars. This 001use, 
an t:xposilion of the sy1u-rgy betw�n fractal geometry and rnmpul.-r grnphi<-,. slmw, the 
lr<tding .-clg,• in this hybrid of fields. 

• • 

LL 



Speaker Biographies 

Charlie Gunn. Mr. Gunn received his M.S. in Mathematics from the University of North 
Carolina at Chapel Hill in 1983. lle worked at Tektronix in 1983-84 and Pixar in 1984-
87 From 1988-1990 he held a position at lhe Geometry Supercomputer Project at the 
University of Minnesota. There he worked to bring computer graph1cs into the realm of 
mathematical re>earch, and vice-versa Since May, 1991 he contmues this re:.earch with 
the newly established Geometry Center at lbe University of Minnesota. He is particularly 
interested 1n hypt·rbolic geometry, dynan1tcs, and how computt'rs cau support mathematical 
intuition. Mr. Gunn is a member of lhe ACM, SIGGRAPll and the A~IS. 

J ohn C. H art. Mr Hart is a Ph.D. ~,,·anna-bert 10 the Electrical Engmcering and Com 
puler Science Department of the University of Illinois at Chicago. He received his M.S in 
Computer Sctence at UIC 10 1989 and his B.S. in Computer Science at Aurora University in 
1987. Siuce 1988, ht• has bt·en a member of the Electronic Visualization Laboratory at l'JC 
where he researches thl' modeling, rendenng aud animatiou of 3-D deterministic fractals . !lP 
intt•rned at the IBM T .. J. Watson ReM!arch Center in 1989 and at AT&T Pixel :llachint,; 
in 1990 He is currently funded undt•r a U IC Graduate College student fellowship. llc will 
serve his post-doctorate at theE\ Lin 1991 -92 and will become a father in October 1991 

Benoit B . Mandelbrot. Dr. 1\landelbrol1s an IBM Fellow at the r.J. Watson H<"st'arch 
Center at Yorktown ll<'tghts. NY and the Abraham\\'. Robinson Profe..~sor of Mathematics at 
Yale University. II is claSSIC uhactal Geometry of Nature" (W II Fr<'t'tnan, 1982) established 
thl' field of fractal geometry. His research is concentrated on exlrPrne and unpredictable 
irregularity in natural phenomena in tlw physical, social and biological sciences. Ht• belong~ 
to the Nationa.l -\cad<'my of Sciences and the ArnNic-an Acadarny of t\rts <trld Scit'II('(!S, 

F. Kenton Musgrave. 1\h. ~1usgrave has bc•en a re-search a-'sistanl to BPnoit .\1,mdPlbrol 
111 tlw :llatht•matics Departrn<.>nt of Y;1l<.> University sinn• 1987. lle recpived his ,\I.S. in 
compmer science from the University of California, Santa Cru7. in 1987 :11r ~lusgrav<· is 
curn•ntly a lecturer and Ph. D. candidatr in the YalP Department of Computer Scit•nce. I! is 
background is in line arts and physical sciC'ncc•s, and his re:.earch is primarily in the an•a 
of modeling natura.l phC'nOmC'IIa, spccifkally synthrtic imagNy of fractal landscapt>s. 1\tr. 
tllusgrav(' considers the main tmport of hi~ work to b!' in the realm of line art. lie is a 
contributor to the SIC.GRAPil art ~how, to various art exhibits in the \'nilPd Stalt'> and 
abroad, and participatt'O in the produrtion of the ~New York :'llotes" performanc(' at the 
Guggt,nht•im 1\IUM!LHII ill 1990 and al the -\lice Tully Hall of the Lincoln C'('ntt'r in 1991 .\Jr. 
Musgrave is a member of the i\CM. SIGGRAPfl and the IEI':E Computer Sorit·t~ . 

. . . 
(LL 



V . Alan Norton. Dr. :'11onon was born in Utah. He received his B.A. degn-e from 
the L mve111ity of I tah in 1968 and his Ph.D. in mathematics from Princeton in 1976. lie 
~ervl'd on Lhe mathematic~ faculty of University of Utah and Hamilton College. then b.~me 
interested in computl'r graphics while consulting at Evans and Sutherland Computer Co. In 
1980 he joinf'd the IBM T.J Watson Research Center, working with Benoit Mamldbrot on 
the computation and visualizatiOn of fractals. In 1982 Norton initiatl'd an investigation of 
n.rchilec:ture·~ for parallel processing which led lo the founding in 1984 of the Rl'3 R•·•carch 
Parallel Prorc:~sing Project. In 1987, Norton established a projert at IBM 111 rom puler 
animation rc·searcb in the an·a of fractals and phys1cally baM'O modeling. Norton 1s the 
Cour-~.s Chl\ir for Sl(iC:RAPII '92. 

P rzemysla w Prus ink iewicz. Dr. Prusinkewicz is Assoctal•• Professor of Computer Sci· 
<'nce at the· L niv£>r•ity of Hegina. li<' holds an M.S. and Ph.D., both 111 Computer Scit•ncc, 
from the• Te•cltni<"<ll llntvt>rsity of Warsaw Before joining the faculty of tlw llnivcr•llY of 
Regina, ht• was ,\ssist<tnl l'rof('!<sor at the University of Setenct• and Te·duwlogy of :\lgtcrs. 
Proff'Ssor Prusinkie·wir2 i• <'O author of three textbooks and two books: "l.inflcmnavcr Sy 
terns, F'rMt<tls and t>l.,nts~ !Springer-\'erlag 1989) and "'The Algorithmic Bl'auty of Plants 
(Spring<"r· \'erlag 1!1'10), o.• well as over 10 technical papers Uc WM a \'isiting Profes5or at 
Yalt> l'nin·rsity (i!ISI)) and at L'Ecole Polyt<'Cbnique F'NI<'ral•· de l.ausamu• (l!l'IO), and an 
invit!.'d r~t·archer at the> llniwrsity of Bremen (1989). Dr. Prusinkit·wicz is a mcml,.·r of the 
AC~1 , SIGGRAJ>U and thr !EEl·: Computer Society. 

D ietmnr Snup<'. Dr Saupc r<'ccived his Dr. rer. nat. in ~ l atht·matirs, 19S:l :\1 tlw Uni· 
\'Crsity of Or<'men. II•• wa!< a Visiting Assistant Professor of \ latht•matic:< at the ITni\'l'r.<ity of 
California, S<tnt,, C'ruz in 1985·87 and since 198i be is an As 'tstant Proft:ssor of M ... tht·matics 
at tlw Uni\'<'rsity of Bremen. There he is a r~archer at the Dynamic1•l Sy~te•nJ$ Craphics 
l.ab<>ratory with main intl'rrsls in mathematical computt'r graph1cs <uld t'XJWrinlf'rttnlmath· 
Pmatica. II •• h~-' ht·t·n involvt•d in several past SIGGRAP H courSt-s on fractn.l1, <L' tl11• course 
ch<~ir in 198/l ,IJid !)9 and iL' coauthor/coeditor of ~The Scicnrl' of Fmctal lm<lgt·~." I !JSS, and 
"Frilctills for llw Cla.~sroom,~ 1990, both from Springer-VC'rlag. lit• i• one• of tlw cottlrihutor~ 
to lht• <'Xh ihit " l~rontiers of Chaos" which is being shown worldwidt• under tlw ausptn·s of 
the C:octhc- lnstitntc·. Dr Sauve i~ a memb!'rof the ACM and SIGC:Bi\P II 

C h nrles \Vuorine n . ~lr. \Vuorinen was composer in residence• and m·w music aclvi~or to 
tlu. San Frn.ncisro Symphony from 1984-89. Charles \\'uoritwn has rt"C"('ivt.•d two Cuggt·nheim 
awards, thr!'l' Hockdf•ll!!r Foundation grants. commtsston• from tht• Ford, Fromm and Kou,. 
wvitsky found,,tions and I'C'veral grants and commission5 from tlw ;-,'.,tionA! Endowm<·nt for 
tht• ,\rls and the :--;,,, York Stale Council on the Arts. !'he compos•·r won th•· l'ulitze•r 
l'rizc in I !)70 for his electronic work -Time's Encomium.- 'rill' founclt·r of 1 hr· C:roup for 
Contt·mpory ~ l usic, Chari~':'< \\'uorincn is a member of tiH" ,\mt•ri<"an ,\cildcrny of Arts and 
Letters IUtd hb work> havP bPen recorded on nearly a dozen lah.,J.. lie is prt-sently work1ng 
on a nt·w score• for lhe ='~'" York City Ballet. 

(V 



Acknow ledge1nents 

We would first like to ncknowlcdge the support of Oietrnar Saupe and Przemyslaw 
Prusiokiewi<"z, without whose• initial encouragt·rnt'nl, this cours<• would have IWVt•r gotten 
off the ground B~>noil Mandclbrol has al~o bcc·n an active participant in the formtdiltion of 
this courw. 

The> 'eclion on fractal imagt• compression is largely due to Laurie Reuter. She was 

in~trumental in locating ~nl<' of the finest re.ources in such a 't!Cretive area of ~cicncc. Two 
major manuscripts on the ,.ubjt'Cl are reproducNI here due to the grrat genc>rosity uf their 
authors: Arnaud .Jacquin anti F:dward Vrscay. 

Furthcrmort•, the inform11t ion on the Cullic Connectedness Lor us in these· note-s and in 
Charlit•'s talk was possible only with tht> ht·lp of I woof its most i\ct'OIIlplished in\'t'stigators: 
John \lilnor and John Hubh.utl. 

Crt•dit is dul' to John's Patty and Ken's Lis;, for their support and for the many lmwly 
hours tht·y haw endured IH·cauw of this cour~·. The compute·r widow is to bt• pitie·d, but 
the SIGGR,\PII widow truly <le·sl'r\'es symp<tlhy. 

We would like to thank Craig 1\olb and Oill l~l ra for working hard on all nliUIJII'r of 
things that we• put aside in favor of this course•, and to Howard Slokar for h1s pillic•nn· and 
pt'rsern·rt·nct• in arranging for tho• recording of Sc•w York Soles. 

Tht·H' wursc notes W<'rt' prepared using dll' facilities of the Elt~lrunic Visualiution l.ab~ 
oratory at thl' University of Illinois at Chicago, Wt' owe a grt·at dt·bt of gratitudf' to 1ls 
co-dirt"Ciors: Torn OeFanti anti Dan Sandin, an<l it' assistant tlirt"Cior: l\la.x:ine Brown. 

Finally wt• would lik~> to lhnnk SIGGRt\1'11 '91 courses chair Hich l~hlcrs and ronunitttoe 
mt'rnbC"rs ~lark Lee, Alan Nortun and Dino Sdowe•itzt•r for Lhci1 o•xpe•rl guidanct• through the 
perils and pit fall' that accomp<UIY course organiz<•t ion. 

v 

.J.C.II. 
Chicago, II , 

F.l\.\1. 
i'\e·w Ha\'cu, (,..1 



Course Schedule 

Opt·ning . . . . . . . . . . . . .. . . . . . . . . . . . . . .. ... . .. _.. . . , . . . . . . . . . . . . . . . .......... ~:~10 
John Ha.rt and Ken Musgra\'e 

Part I : Random Frac tal Models 

Frar!tonal Brownian Motion and lllodt•l• or Natun· 
1\t•n t-1 usgra\'~ 

.• • S:-1.1 

•• • •• • •••••• 0. 0 • •• • 0. 0 •• 0 ••• 0 •••• ltl:l ,) 

Part II: Linear Determinis tic Frac tal Models 

Aulomala. Languagl'' and ltera!l'd funrtinn Syblt•m• 
l'rzemy,Jaw Pru~inkil'wicz 

l.int•,,J FrartRb in :J. 0 Compul!•r Graphics 
John llan 

.... l 0:30 

11 .00 

T.uwh ................ 12JJO 

Part III: Non-Linear D eterministic Fractal \todl'l> 

Julia S..t• and \ldJlddbrol SN in :~. I> . ................. . • . 1:00 
, \Ian :'\orion 

Visualizing the Cubic Conn<:<:l<'<lnt•" Locus ....•..•..... . . 2:00 
Charlie Cunn 

IJdining and Rendering l><·t.-rministk Fractal Implicit Surfaces •.....••.... :!:.10 
Dit·t mar Sau pe 

Part IV: Applications 

h.~rt<d lnt..1gt C'omprt'Ssion 
.John llart 

• .I:UO 

........ :Hii 

Nl'w York l'\ote. . . . . . . . . . • . . • . . . . . . . . . . . . .•..............•..........•.• 1 ,ou 
Bt•noil ~l<tndl'lbrot and Ch,trll'' \\'uorillt'll 

................... '1:00 

Vl 



Table of Contents 

Introduction . . . . . . . . . . . .................•.....•...•............................ l 

Part T: R andom Fractals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ...................... 3 

u~es of Fractional 8row111an Molton tn Modelling :'-lature .......•...•...•..... 5 
/ltn M usgravt 

The Synthesis and RendNing of Erod<•d Frartal TNrain .................... 35 

!It 11 .llu•gmt•r, Crmg 1\o/b and Robn·t \lace 

Grid Tracing: F.-tSt Ray 1 racang for !Ieight Fields .........................• .41 

1\rn \lu.<grat'f 

The Definition aud HcndNing of Tcrraan ~laps ........•..•....•..........••. 55 
Gar•m 1/rllt r 

Point Evaluation of .\l ulti VariahiP Random F'raclals ..•...........•........ 61 

Dulmm· Saupt 

1-rnct:~l Propt•rtil"s of Thin, and a Frarl a l 7\ lo<l<'l ............................. 7."1 

S. l.nr•f ;oy nnd Brrtort ,\/nnddbml 

An Image Synth<'siz<'r .................................................... 87 

{\.Cit Pt rlrn 

\ lgonthms for Soln.l :O.ot~c Syn!hcsis ........................................ 9:3 
J.P. Lt II';., 

(;('twralizrd Sloe hast ir Suhdivision ......................................... 97 

J.P. l.t II''·' 
The f>ol<'ulial Distributiou Around Crowing Frac tal Clust('rs ............. 109 

Ill nml \Iandt Ibm! tmd C11rl 1-'t•t rts• 

Part Il: Linear Determinis tic Fraclals . .. . .. . .............. . ....... ll:l 

Automata, l.anguagrs and lleral<'<l Fuuclion Systems ...................... 115 
l'r;;t my,/nu· Pru.,wkn u•rr~ 111111 .If ark 1/ammtl 

Cro~swortl Puzzlt• . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . • . . . . . . . . . . .................... I I I 

Liu('ar Fractals in :l D Computer \:raphirs ................................. 115 
./ nl11t lltll·i 



Pnrl Ill: Non-Linear Deterministic Ftactals •• . ....... . •............ . . . ... 163 

.\t,.ndt·lbrol Sets and Julia Srt. in 3 D .. .................................. 165 
,-1/an Sortnn 

.Julin S~t~ in th(• Quatc-rnion~ ... . .... • . .. .... .. ... . .............. . ..... . U:l;J 

..! Ia 11 1\' ot·l on 

\'ultamr lt<'ndt•rang tlu: ('ubi!' Connc'Cll-dnt>ss Lonas .. .. .................... 1!\9 

Charlu Gunn 

H•·marks on ltera~cd Cubic .\bps .............. .. .... .. ... . ......... . ...... 193 

John Milnor 

l'iecP.Wise l.m.-ar Approxamat10n of lsO\-aluoo Surfaces 

Corndta Zahli!n 
. . . .... 223 

l'a.st 3-D H<!~td~ng of the Mandclbrot S.·t .......................... 23i 

II rlmul Jurg< II$ 

Pnrt I\ · \ pplicntions .............. .. .. ............. :!13 

lrn.•gt• Coding B,uccl on .a Fract.~l Tlwory of ltt·ratr·tl 
C'unt rat'li~c Image Transformations .. .. .. . • .. .. .. ............ 215 

,.J ruaud Jart[UIII 

lto-rato~l Funrtion Systt!niS: 'rlu~ry, .\pplirations 
arul tile ln\·r·r.;e l'rohlr•m .....•.........•...............•..... , , ..•....... 271 

J;Ju·ard J 't·~rny 

:\otes 011 :\t•\\' York :\'otcs 

Clt11rlr.< 11 'uonnrn 

.... 2'Jl 

. . . 
VLL ~ 


